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?- eq('⊆'(a,b),'∀'(x,a,'∈'(x,b))). 
true . 
?- eq('⊆'(a,b), E). 
E = '∀'(_G276, '→'('∈'(_G276, a), '∈'(_G276, b))) ; 
E = '∀'(_G12, '→'('∉'(_G12, b), '∉'(_G12, a))) ; 
E = '∀'(_G12, a, '∈'(_G12, b)) ; 
false. 
?- eq('⊇'('∪'(a,b),c), E). 
E = '∀'(_G285, '→'('∈'(_G285, c), '∈'(_G285, '∪'(a, b)))) ; 
E = '∀'(_G15, '→'('∈'(_G15, c), '∨'('∈'(_G15, a), '∈'(_G15, b)))) ; 
E = '∀'(_G15, '→'('∉'(_G15, '∪'(a, b)), '∉'(_G15, c))) ; 
E = '∀'(_G15, '→'('∧'('∉'(_G15, a), '∉'(_G15, b)), '∉'(_G15, c))) ; 
E = '∀'(_G15, c, '∈'(_G15, '∪'(a, b))) ; 
E = '∀'(_G15, c, '∨'('∈'(_G15, a), '∈'(_G15, b))) ; 
false.



Question 7. Rephrase the following independent statements with relations
on sets:

1. x 2 A ! x 62 B

2. x 2 A $ x 2 B

3. x 2 A _ x 2 B ! x 2 C

Question 8. Rephrase the following independent statements with quanti-
fiers:

1. A \B = ?

2. 2A ✓ 2B

3. A 6= ?

Question 9. Prove that if a relation is antisymmetric (i.e., never shows sym-
metry except on equal elements) and irreflexive (i.e., never shows reflexivity),
it is asymmetric.

Question 10. You are familiar with the set of complex numbers:

C = {a+ bi | a 2 R, b 2 R, i2 = �1}

A similar and a more sophisticated abstraction are quaternions:

H = {a+ bi+ cj + dk | a 2 R, b 2 R, c 2 R, d 2 R, i2 = j

2 = k

2 = ijk = �1}

What is the cardinality of H?

Question 11. Consider the following grammar:

V ::= a | b | · · · | y | z (1)
C ::= C m C | t C | C ./ C | I V J (2)

Recognise correct C terms according to the grammar and draw parse trees
of correct ones:

1. a m b

2. I p J./I q J

3. It o J

4. tI o J
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Question 7. Which of the following relations are transitive? symmetric?
reflexive? injective? surjective? (If not, give a reason)

1. {(1, 1), (2, 2)}

2. {(1, 2), (2, 1)}

3. {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (3, 2), (3, 3)}

4. {(1, 2), (2, 3), (3, 4), (1, 3), (2, 4), (1, 4)}

5. {(1, 2), (2, 3), (3, 4)}

Question 8. Give the transitive closures of each of the relations in the
previous question:

1. {(1, 1), (2, 2)}+ =

2. {(1, 2), (2, 1)}+ =

3. {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (3, 2), (3, 3)}+ =

4. {(1, 2), (2, 3), (3, 4), (1, 3), (2, 4), (1, 4)}+ =

5. {(1, 2), (2, 3), (3, 4)}+ =

Question 9. If cv
t

is a substitution of v with t in c, then what are the results
of the following substitutions?

1. (8xRxy)y
z

=

2. (8x8y(Rxy ^Ryz))x
y

=

3. (9y¬Rxy)z
y

=

4. ((9xRxy) ^ (8yRxy))x
y

=

Question 10. Consider the following grammar:

F ::= 5 | 4 |F (1)
E ::= �F | F ⇥ F | F � F |⌅ (2)

Recognise correct E terms according to the grammar and draw parse trees
of correct ones:

1. �F
2. 5F
3. 5⇥4⇥5

4. ⌅F⌅
5. 4�4
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